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1 Introduction

On a Hilbert space H, every bounded operator T' € B(H) posseses an adjoint 7% € B(H)
by the Riesz-Fréchet theorem. This property is of great utility in the theory, and settings in
which bounded operators fail to have an adjoint are generally more difficult to analyze. In
these situations, we ask how much of the Hilbert space theory can be recovered by restricting
our attention to bounded, adjointable operators, i.e. bounded operators whose adjoint exists.

In this paper, we will consider certain subspaces W C H. It is precisely because W may
fail to be complete that its bounded operators may fail to have an adjoint. However, there
are generalizations when, roughly speaking, completeness of an “inner product” space is not
enough to ensure the existence of adjoints. For example, a Hilbert module is a (complex)
vector space which is complete in the norm defined by a certain sequilinear form taking
values in a C*-algebra (acting like a generalized inner product). It is already commonplace
to restrict study from bounded operators to bounded, adjointable operators in this situation.
Taking inspiration from this, our goal is to apply this perspective to proper dense subspaces
of Hilbert spaces.

Specifically, we will consider proper, dense subspaces of seperable Hilbert spaces. For the
rest of this paper, unless otherwise specified, let H be a separable complex Hilbert space
and W C H be a proper dense subspace. Let B(H) denote the (C*-algebra of) bounded
operators on H. We say call a bounded operator 7' : W — W adjointable on W if there
exists a bounded operator 7% : W — W such that (T'xz,y) = (z, T*y) for all z,y € W. The
set of all bounded, adjointable operators on W is denoted as BA(W).

2 Linear Structure

To begin, we recall the following:

Lemma 2.1. A countable orthonormal basis {e,},en C H is a collection of orthonormal
vectors that is complete. Completeness in this situation can be characterized in the following
equivalent ways:

e for any vector y, if (y,e,) =0 for all n € N, then y =0
e span{e, }nen is dense

If H posseses a countable orthonormal basis, then

T = Z(x, €n)en.
n=1
for any x € H.
Proof. See, for example, Theorem 4.14 and Theorem 4.15 in [10]. ]

Lemma 2.2. A Hilbert space is separable (in the topological sense) if and only if it has a
countable, orthonormal basis.



Proof. See, for example, Chapter 6.4 Theorem 9’ in [5]. O

The following allows us to consider such a basis to be contained in W:

Proposition 2.3. There exists a countable orthonormal basis for H contained in W.

Proof. Since H is separable (in the topological sense), and W C H is a proper dense subset,
it follows that W is separable. By definition, this means that WW contains a countable dense
subset {a,} C W. By applying the Gram-Schmidt process to the linearly independent
elements in this subset, we obtain an orthonormal sequence {e,,} C W. Now

span{a,} = span{e,} C W,

and by taking closures we see that span{e,} is dense in . By Lemma 2.1, this shows that
{e,} is a countable orthonormal basis. O

We now state basic facts in Hilbert space theory which still hold on dense subspaces.

Proposition 2.4. Let T € BA(W). Then Im(T)* = Ker(T™).

Proof. First we show Im(T)* C Ker(T*). Let y € Im(T)*. Then, for any x € W, we have
(T'(z),y) = 0. Then (x,T*(y)) = (T'(z),y) = 0. By the nondegeneracy of the inner product,
it follows that 7*(y) = 0. Hence y € Ker(T™).

Showing Ker(7T*) C Im(T)* is analagous. Let y € Ker(T*). Then (z,T*(y)) = 0 for all
x € W, and hence (T'(z),y) = 0 for all x € W, which implies y € Im(T)*. O

Proposition 2.5. If '€ BA(W) is normal, then 7" and 7™ have the same kernel.

Proof. We will show Ker(T') C Ker(T*), and the other direction is completely analagous.
Let x € Ker(T'). Then T(z) = 0, and since T*T'(x) = TT*(x) = 0, it follows that T*(z) €
Ker(T).

Now let y € W. We claim that (y, T7*(x)) = 0, and hence T*(z) = 0 implying = € Ker(7T™).
To prove the claim, first suppose y € Ker(T). Then (y,T*(x)) = (T(y),z) = 0. On the
other hand, suppose y & Ker(T'). Recall that the kernel of a continuous linear operator on a
normed vector space is closed, so Ker(T') is closed. But then y is orthogonal to Ker(7"), and
since T*(x) € Ker(T') by the previous paragraph, it follows that (y, 7*(z)) = 0. O

3 The Algebra BA(W)

Recall that the set B(#H) of bounded linear operators H — H naturally posseses the structure
of a C*-algebra by taking the x-operation to be “taking adjoints” and the topology to be the
operator norm topology. Furthermore, every closed subalgebra of B(#) which is also closed
under adjoints is also a C*-algebra (see the remarks preceding Theorem 4.27 in [2]).

Proposition 3.1. Any T' € B(W) has a unique extension T € B(H). Moreover, ||T| = ||T).



Proof. We begin by defining this extension. Let z € H. Since W C H is dense, there exists
a sequence {x,} converging (in H) to z. We claim {7T'(z,)} is also a convergent sequence.
To see this, note that, for all n,m > N,

1T (2n) = T(em) | = 1T (@0 = z) | < [ Tll2n = zml],

which shows that {T'(x,)} is Cauchy, hence convergent by the completeness of Hilbert spaces.
Finally, define )
T(z) = lim T(z,).

n—oo

We now verify the validity of this definition.

Well-defined: Write y = lim,,_,o, T'(x,). We need to show that if {z/,} C W is another
sequence converging to x, then lim, ,,, 7'(z],) = y. Since z,, — 2}, — 0, we know from 3
that || T(z,) — T(x})|| — 0, and so T(x,) — T(z},) — 0. This implies lim,, o, T'(z},) =
lim,, o T'(x,) = y as desired.

An extension: Given v € W, we wish to show T'(v) = T'(v). But this is immediate if we just
take the sequence {x,} in the definition above to be the constant sequence {v, }, where each
Uy = .

Linear: Follows from the linearity of limits.

Bounded: To see this, calculate

@) =] Jim T ()| = Jimn |7,

< lim [ T{lzal| = 7] Yim
=T jal| < oo,

where we have repeatedly used the continuity of the norm.

Norm preserving: The above calculation shows that | T]| < ||T'||. In detail, let
C={c20:|T(2)| < clal Vo € H}.
Then ||T|| € C, but T = inf(C). Now, let
C'={c=0:||T()]| < cljoll Yo € W}
Since T is an extension of T, C € C". Thus ||T|| < ||T|, since
|7 = inf(C") < inf(C) = ||T].
Combining both inequalities gives us ||T|| = || O

Corollary 3.2. The C*-algebra structure on B(#) determines a natural (unital) x-algebra
structure on BA(W).

Corollary 3.3. The completion C*(W) := BA(W) C B(H) is a C*-algebra.



Proposition 3.4 (properties of extensions). For T € B(W), let 7" be its unique extension
to H. Then:

1. (T=M)Y =T — M.
2. (T*) = (T")".
3. If T~' € B(W), then (1) = (T")"1.

Proof.

1. Let x € H and {w,} C W a sequence converging to z. Then

(T — AI)(z) = lim (T — M) (w,) = lim (T(w,) — Aw,) =T'(x) — Ax = (T — M) (z).

n—o0 n—o0

2. It suffices to show that for any x,y € H, we have

(T'(x),y) = (2, (T7) ())-
Let {x,}, {yn} C W be sequences converging to = and y, respectively. Then
(T'(z),y) =(lim T(z,), hm Y

n—oo

)
= lim lim (T ( ) Ym)
)
)

n—oo m—oo

)

=(lim z,, lim T*(ym )

n—0o0 m—r

= lim lim (@,, T"(ym

n—0o0 M—0o0

=(z, (T") (y)>-

3. Let x € H, and let {w,} C W be a sequence converging to z. Then

T'(TH(2)) = T'(lim T"Yw,)) = lim T'(T" (w,)).

n—0o0 n—oo

Since T-! € B(W) and w,, € W, we have that T"!(w,) € W and so T"(T"!(w,)) =
T(T ' (w,)) = w,.. Hence

(T (z) = lim w, = 2.

n—oo

Conversely, a similar argument shows (771 (T"(z)) = z, and so (') = (T")~".

Proposition 3.5. If 7' € BA(W) is normal, then its extension 7" € B(H) is normal.

Proof. We need to show that for any z € ‘H, we have an equality T7"((17")*(x)) = (T")*(T"(x)).
By Proposition 3.4, this is equivalent to showing 7"((7*)") = (T*)(T'(x)). Let {w,} C W
be a sequence converging to x. Then

(T (z)) =T'(lim T*(w,)) = lim T'T*(w,)

n—oo n—o0



= lim T7T*(w,) = lim T*T (w,)

= lim (7%)(T"(wn)) = (T7)'( lim_ T"(wn))

=(T")(T"(=)).

4 Spectral Theory

We introduce spectral theory here in the more general context of (not necessarily complete)
normed vector spaces X. We write I for the identity operator.

Let U C X ,and let T': U — X be a linear operator.

Definition 4.1. X\ € C is called regular if the following conditions hold:
R1. (T — A\I)~! exists.
R2. (T — AI)~! is bounded.
R3. (T — AI)~! has a dense (in X) domain, i.e. Im(7T — AI) is dense in X.

Definition 4.2. The set of regular values is called the resolvent set of T', and is denoted
p(T).

Definition 4.3. The function Ry mapping A — (T'— XI)~! is callend the resolvent function.
Definition 4.4. The spectrum of T is defined as o(7T") :== C\ p(T).

Remark 4.5. What we have defined above is the “operator spectrum” as presented in, for
example, Chapter 7.2 in [4]. It is apparently defined specifically with regards to a linear
operator, and makes no reference to the algebra to which that operator belongs. On the
other hand, for a (complex) unital algebra A we can define the “algebraic spectrum” of an
element a € A:

oala) ={A€C:(x— A, ' €Al
i.e. the set of A € C for which x — A1, is invertible in A.

If X is a Banach space, then the operator spectrum of a bounded linear operator 7" : X — X
coincides with the algebraic spectrum of T' € B(X).

First suppose \ is regular. Then (T — AI)~! extends uniquely to a bounded linear operator
X — X by Proposition 3.1. Hence (I'— A\I)~' € B(X) and X € op(x)(T) according to the
definition above. Conversely, suppose A is such that (T'— AI)~! € B(X). Then immediately
A is regular.

Also for Banach spaces, the resolvent set is sometimes defined as
p(T) ={X € C: (T — Al) is bijective}.

This is equivalent to Definition 4.2. To see this, first suppose T' — A is bijective. Then by
the bounded inverse theorem (e.g. 4.12-2 in [4]), we get that (T"— A1)~! is also bounded.
Thus A is regular. Conversely, suppose A is regular. Then as above, (T — AI)~! extends
uniquely to a bounded linear operator X — X, so in particular (7" — A1) is bijective.
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Remark 4.6. For non-Banach spaces, the algebraic and operator spectra may differ. Con-
sider the Hilbert space H = L?*[a, b] where 0 < a < b, and consider the proper dense subset
of polynomials Pla,b] (it is dense by the Weierstrass approximation theorem, see e.g. [7]).

Consider the self adjoint multiplication operator T'= M, € BA(W) C B(H). Now T~ =
M, € Cla,b] C H, however T~' ¢ BA(W) since, for example, -1 = 1 is not a polynomial,
hence 77! does not preserve W. This shows that 0 € ogaw)(T). But we claim 0 & o(T)
with respect to W. It suffices to show 0 is regular (Definition 4.1). We have already shown
T—! exists, and it is bounded because it is a continuous function with compact domain. Its
range is dense by the Miintz-Szasz theorem (see again [7]). Thus 0 is regular, hence 0 & o(T).

In fact, for analagous reasons as the case A = 0, we can see that ogamw)(T) = C. Also, A
fails to be a regular value of T € BA(W) if and only if 7"— A is not invertible, which occurs
only when A\ € [a,b]. The same is true regarding 7" € B(H), and so o(T") = [a,b] on both
BA(W) and B(H).

The spectrum of a linear operator 1" can be decomposed as follows:

property of A
R1 R2 R3
X X X o,(T)
v X v o.(T)
v v X
v X X
Remark 4.7. R2 and R3 can only be satisfied if R1 is satisfied.

A belongs to:

o (T)

Definition 4.8. o(T') can be decomposed into the following disjoint sets:
e the point spectrum, denoted o,(T").
e the continuous spectrum, denoted o.(T).
e the residual spectrum, denoted o,.(T").

Definition 4.9. Let X be a Banach space, and T' € B(X). A scalar A is called an approz-
imate eigenvalue of T if T — AI is not bounded below, i.e. there exists a sequence of unit
vectors (x,,) such that Tx,, — Az, — 0. Such a sequence (z,) is called a Weyl sequence. The
set of approximate eigenvalues of 7" is denoted o,p,(7T').

Proposition 4.10. Approximate eigenvalue lie in the spectrum.

Proof. Let A be an approximate eigenvalue, and (x,) a Weyl sequence. If T — AI is not
injective, then X € 0,(T) C o(T). So it suffices to consider the case when T'— AI is injective.
In that case, suppose (T'— AI)~! is bounded (hence continuous). But then lim,, ., ||z,] = 1
contradicts the computation

lim z, = lim (T — XI)" (T — Az,

n—oo n—o0



=(T — XI)7" lim (T — M)z,
n—oo
—(T — \I)~1(0) = 0.
In other words, if X satisfies R1 then it fails R2. Thus A\ € o(T). O

Corollary 4.11. 0,(T) Uo.(T) C 0.,(T).

Remark 4.12. Every eigenvalue is an approximate eigenvalue by considering the Weyl
sequence to be constant, with each term equal to the (normalization of) a chosen eigenvector.

Remark 4.13. It is still possible for approximate eigenvalues to be in the residual spectrum.
Consider ¢2, and the operator

T(x1,29,...) = (0,21, =

We claim 0 € 0,(T") N og,(T).

First let us show that it is even in the spectrum. That is, for A = 0, T"— Al = T is not
invertible. We can explicitly determine that

T Yay, 29,...) = (29,223,324 ...).

This is not bounded, as ||T7(e,)|| =n —1 — cc.

Next we will show 0 € 0,(T"). We need to show that 0 & 0,(7") and 0 & o.(T"). By inspecting
its definition we can see that T is injective, so 0 &€ 0,(T). Also, Im(T) C ¢? is not dense. To
see this, consider the element e; € Im(7"). For any « € Im(7'), we have that |z —e;| > 1,
and so no sequence in Im(7") converges to e;. Thus 0 & o (7).

Finally, we will show 0 € 0,,(T"). We calculate that
1
IT(en) = 0~ enl] = [T(en)ll = -~ = 0,

and so {e,} is a Weyl sequence for A = 0.

4.1 On Dense Subspaces

Let H be a separable Hilbert space, and W C H a proper dense subspace. Let T' € BA(W),
and let T € B(H) be its unique extension.

The following are some preliminary observations, some of which will be strengthened in the
following sections.

Proposition 4.14.
1. o(T) D o(T).

2. 0,(T) D o,(T).
3. 0up(T) C 0ap(T).



Proof.

1. We show the contrapositive. Suppose ) is a regular value of T'. Then (T'— \I)~! exists,
is bounded, and its domain is a dense subset of W, hence a dense subset of H. Thus by
Proposition 3.4 its unique extension to H is also bounded, and an inverse for T — 1.
Thus ) is a regular value of 7.

2. If distinct wy, wy € W are such that (T — AI)(w;) = (T — A )(wy), then, since T is an
extension of T', it must be the case that (7' — A )(w;) = (T — Al )(w3). In other words,
if (T'— AI) is injective, then (7" — AI) is injective. The contrapositive statement then

implies that if A € 0,(T), then A € 0,(T"). Hence 0,(T) C 0,(T).
3. A Weyl sequence in W for T will also be a Weyl sequence for T'.
O
Remark 4.15. An operator ' € BA(W) may be injective but have non-injective extension

T € B(H). Consider the Hilbert space ¢?, and let {e;} denote the standard orthonormal

basis. Consider the element L1

=, e
72737 )E

Let W = span{z; U {e;}i>2}. We claim W C ¢* is dense. It suffices to show there is a
sequence in W converging (in %) to e;. Note that

‘1 1 1 1
T1 _Z_ek = ($1,I1 — 562,71 — —62——637~--)
(-2 4e) hen i Jea 3

is such a sequence. Now consider the projection operator

1’1:<1

P(al,ag,ag,...) = (O,CLQ,(Ig,...).
Then ker(P) = span{e; }, which does not lie inside W.

In the following subsections we turn the the question of spectral permanence. A deep result
of this kind is the following:

Theorem 4.16. Let A C B be unital C*-algebras with the same unit, and let x € A. Then
oa(x) = op(x).

Proof. See Corollary 3.10 in [9]. O

Remark 4.17. Because of this, even if C*(W) # B(H), we at least have “algebraic” spectral
permanence. One should be cautious, however, to note that the algebras in the above
theorem have the same unit. A situation where this may not be the case is if we consider
the unitization of a C*-subalgebra. For example, the compact operators K(H) are a C*-
subalgebra of B(H) (see, for example, Example 3.3.10 in [9]), the subalgebra contains a unit
if and only if H is finite-dimensional. We may however formally attach a unit in a minimal
way while retaining the C*-structure: this process is called unitization. It is not a priori clear
though, that this unit is the same unit in B(#). This turns out to be the case, however, for
example because the multiplier algebra of K(H) is B(H) (e.g. Example 13.2.4.2 in [3]).



4.2 Permanence of Approximate Eigenvalues

Proposition 4.18. Consider an operator T € B(H). For any A € o,,(T), there exists a
Weyl sequence for A completely contained in W.

Proof. By assumption, there exists a Weyl sequence for A in H, call it {x,}. Since W C H
is dense, we can construct a sequence {w/,} such that ||z, — w}|| < <. Since ||z, — w}|| — 0,
and [|[1 — ||w, ||| < ||zn —w) || (by the reverse triangle inequality), it follows that ||w/,| — 1.

We claim the normalization of {w/}, which we will write as {w,}, is a Weyl sequence for
A. To see this, let k > 0 be such that [|[(T"— A)(z)|| < k||z|| for all x (such a k exists since
T — A is bounded). Then:

(T = AL) (wn)| :Iltj’ ” (T = ML) (w,)
< IIU}’ ” (T = Al (w;, = an) || + (T = AT)(an)|])
< IIU}’ ” (Kllwy, = anll + [[(T" = AT)(an)])

1 k
<t (S =@ )

Taking limits, we see that [[(T"— A )(w,)|| — 0 as desired. O

Corollary 4.19. Consider an operator T € BA(W) and its unique extension T € B(H).
Then 0,,(T) = 04,(T)

Proof. Proposition 4.18 implies that o,,(7") C 04,(T). The reverse inclusion is discussed in
Proposition 4.14. ]

4.3 Spectral Permanence for Normal Operators

Proposition 4.20. If 7' € B(H) is normal, then o,(T) = 0.

Proof. 1t suffices to show that if A € o(T) \ 0,(T), then A € 0.(T'). Solet A € o(T') \ 0,(T).

By Remark 4.5, T'— AI is injective (yet fails to be surjective). It suffices to show that the
E :=Im(T — M) is dense. Suppose otherwise.

We first observe that there must exist a nonzero z € E+. To see this, note that £ # H
by assumption that E is not dense. We then recall the fact from Hilbert spaces that any

x € H can be expressed as x =y + z for y € F and z € ET. Thus B is nonempty, and so
Et> " is also nonempty.

Next, we claim that B
E* =Ker(T* — X) = Ker(T — ).

This is because of the following facts:

10



e (Im(T))*t = Ker(T*) (Proposition 2.4)
e Ker(7T) = Ker(7T™) (Proposition 2.5)

All together, we have asserted the existence of a nonzero z € Ker(T — \I), contradicting the
fact that T is injective. m

Corollary 4.21. For a normal operator T' € B(H), o(T') = 04,(T).

Corollary 4.22. Consider an operator 7' € BA(W) and its unique extension T € B(H). If
T is normal, then o4,(T) = (7).

Proof. By Corollary 4.21, we have that o(T") = 04,(T"). Then Corollary 4.19 implies o(7T) =
oap(T). O

5 Approximation of Compact Operators

Again let H be a separable Hilbert space, and W C H a proper dense subset. Whenever
mentioned, a countable orthonormal basis for H will be assumed to lie in W (according to
Proposition 2.3, we lose no generality).

The main goal of this section is to show that every compact operator T' € ‘H can be approx-
imated by operators in BA(W), i.e. T can be expressed as a limit of operators in BA(WW)
with respect to the operator norm. Yet another way of viewing this is that K (#) is an ideal
of C*(W).

Definition 5.1. An operator T' called compact if, for every bounded sequence {z,} C H,
the sequence {T'(z,)} contains a convergent subsequence.

Proposition 5.2. The following are equivalent:
1. T is compact (in the sense of Definition 5.1).
2. T(B(0,1)) is relatively compact, where B(0,1) is the unit ball. In other words,
T(B(0,1)) is compact.
Proof. See Theorem 8.1-3 in [4]. O

We will write K (H) for the class of compact operators on H.

Proposition 5.3. K(H) is the unique proper closed 2-sided ideal of B(H). It is also a
x-ideal.

Proof. See Corollary 5.11 in [2]. O

11



5.1 Finite Rank Operators

Definition 5.4. An operator T is called finite rank if it is bounded and its image is a
finite-dimensional vector space.

We will write F'(H) for the set of finite rank operators on H. We say T' € J(W) if T is finite
rank and 7" € B(W). Similarly, we write JA(W) for the bounded, adjointable, finite rank
operators on W.

Lemma 5.5. F(H) C K(H).

Proof. Let T € F(H), and let {x,} C H be a bounded sequence. Then {T'(x,)} is also
bounded, and hence must contains a convergent subsequence by the Bolzano-Weierstrass
theorem. O
For z,y € H, we define the operator 6, , as follows:

Ory(=) = (= 2)y.

Proposition 5.6. If ' € F(H), write {e;}} for an orthonormal basis of Range(T). Then
there exist {z;}7 € H such that

T(x):i:czz e; Zezzez
i=1

Proof. For {e;} as in the statement of the claim, we can write

n
= Z ci(z)e;,
i=1

where each ¢; is a function H — C. First we check that the ¢; are linear:

n n

Y ety =T(+y) =T(x)+T(y) =Y (ci(z) + ci(y))es,

i=1 i=1

which shows that ¢;(x 4+ y) = ¢;(z) + ¢;(y) for all . Additionally, the ¢; are bounded:

jei(@)] = [les@)es]| < HZ@ Jeil| = 1T (@) < T - l]]-

Since the ¢; are thus all bounded linear functionals, by the Riesz-Fréchet theorem there exists
z; € H such that ¢;(z) = (x, z;). In other words,

T(x)= i (x, z)e Z‘gzl e
=1

as desired. O

12



Corollary 5.7. F'(H) C span{,, : z,y € H}.
Proposition 5.8. (6,,)* =0,

Proof. For a,b € H,

{02y (a),b) = {{a, 2)y,b) = (a,x) - (y,0) = (y,0) - (@, 2) = {a, (b;y)x) = (a,0,.(D)).

Corollary 5.9. If T' € F(#), then Rank(7") = Rank(7™).

Proof. By the Propositions 5.6 and 5.8, we can write

n n

T(z) = Z(m, zive;, Troz= Z(x, €i)Zi,

=1 =1

where {e;}] is an orthonormal basis for Range(T"). It suffices to show that the z; are linearly
independent. Suppose otherwise. Without loss of generality, assume z; = >, d;z;. Then
{e1 + e;}3 would span the range of T, since

n

T(x) = Z(x, zi)e;

=1

=(, i diz;)er + i(w, 2i)e;
1=2 i=2

= . (x,(d; + 1)z;)(e1 + ;).

But the cardinality of the set {e; + ¢;}5 contradicts the assumption that {e;}} is a basis for
the Range(T). O

5.2 Projection Operators

For n > 0, the projection operator P, € B(H) with respect to the countable orthonormal
basis {e;} maps an element onto its first n components:

P.(x) =P, (Z(m, ei>ez~> = Z(x,ei)ei.

=1 =1

Proposition 5.10 (basic facts about P,).
L P =1
2. P, = P*.
3. P, € JAW).

13



Proof.
1. Notice that || P,(x)|| < ||z| and || P.(en)| = |lex|| = 1, and so || P,|| = 1.
2. We calculate:

n o0

(Por,y) = <Z<x>€i>eiaz<yvej>ej> =

; , Z«l’v ei)ei, (Y, €i)ei),
2

o0 n

(z, Py) = <Z<x76j>ejvz<y>en>en> =

((z,e5)e5, (y, ej)e;).

3. Im(P,) is contained in the span of the {e;} C W, as is its adjoint by the previous fact.

O
Proposition 5.11. For any = € H, we have that P,(z) — x.
Proof. We compute
- 2
1Pu() = 2l* = || D (Pulx) — 2, ei)e:
i=1
(e.) n o 2
S - St een e
i=1 j=1 k=1
o0 (o) 2
= <_ Z <x7€k>ek7€i>€i
i=1  k=n+1
- 2
=1 Z <$7el>ez
i=n+1
= > Nzl (1)
i=n-+1

Pulling the sum out of the norm is justified since all summands are orthogonal. The right
hand side tends to 0 as n — oo since ||z is finite. O

Lemma 5.12. On a compact subset K C H, we have that P,, — 1 uniformly (with respect
to the operator norm).

Proof. Since K is compact, we may cover it with finitely many |/¢/2-balls. This means that
there is a finite set {z1,...,zx} C K such that for any z € K there exists 1 < k < N such

that ||z — zg]| < \/€/2.

If we fix x € K and choose an xj, as above, then, recalling Equation 1,

1P () — ]|* = Z [z, ea)* = Z o — @, + @, €)1

i=n+1 i=n+1

14



- Z {2z — 21, €5) + (z1, €5)]|?

1=n-+1
%)
< (e = kel + [l (e, ea))?
i=n-+1
%s) 0o
<Y K=z e+ D Ik e
1=n+1 1=n+1
0o
<z —zel*+ D [
i=n+1
p 00
<o+ > lawen
1=n+1

Since there are only finitely many possible x;, we get that, for any = € K,

p [eS)
[Pa() — ff* < 5 T max > ks el
1=n+1

Taking n — 0o, we get the desired convergence. It does not depend on x, so the convergence
is uniform. 0

Corollary 5.13. If T € K(H), then P, T — T uniformly (with respect to the operator
norm).

Proof. Since T' is compact, T'(B(0, 1)) is compact (by Proposition 5.2), where B(0, 1) is the
unit ball. Then we can apply Lemma 5.12:

lim |P,T —T|| = lim sup ||P,T(x)—T(x)|

n—oo

0 |z <1

= sup lim ||P,(T(x)) — T(z)||

[|z]|<1 o0
=0,

where we can interchange the supremum and limit since we are working on the compact
subspace T'(B(0,1)), and hence the convergence inside the norm is uniform. Thus, the
convergence P, T — T is uniform. O

Corollary 5.14. If T € K(H), then TP, — T uniformly (with respect to the operator
norm).

Proof. In the compact subspace B(0, 1), we have that P,(z) — 2 — 0 uniformly (by Lemma
5.12). Hence T'(P,(x) — x) converges uniformly, and a similar method as above of switching
the supremum and limit yields

lim | TP, —T| = lim sup |T(P.,(z) —z)|| = sup lim ||T(P,(z) —x)|| = 0.
n—oo

OO <1 Jlzf| <1 7770

15



Corollary 5.15. If T" € K(H), then P,TP, — T uniformly (with respect to the operator
norm).

Proof. Observe that

\P, TP, —T| =|P,TP, — P,T + P, T —T|
SHPnTPn - PnT” + ”PnT - T”
= Lol - I1TF, = T|| + | P T — T

By Corollaries 5.13 and 5.14, we get that | P, 7P, — T|| — 0, so the result follows. (Recall
from Proposition 5.10 that ||P,|| = 1 for any n.) O

Corollary 5.16. (P,7P,)* = (P, T*P,).

Proof. (P,TP,)* = P;T*P}, and the result follows from the fact P = P, (Proposition
5.10). O

Corollary 5.17. P, TP, € JA(W).

Proof. This follows from the fact that P, € JA(W) (by Propostion 5.10) and Corollary
5.16. ]

5.3 Approximation Result

Corollary 5.18. Every 7' € K(H) is a limit of finite rank operators on T,, € JA(W).
Proof. {P,TP,} C JA(W) (by Corollary 5.17) converges to T' (by Corollary 5.15). O
Proposition 5.19. K(H) is an ideal of C*(W).

Proof. K(H) C C*(W) by the previous result, and the ideal structure follows immediately

from the fact that K (#H) is an ideal of B(H) (Proposition 5.3). O

6 Operators on the Span of an ON basis

Now consider the subspace Wy = span{e, }. Then Wy C W C H and W, C H is dense.

6.1 Compatability BA(W;) and BA(W)

Since BA(W) C BA(H) = B(#), it is natural to ask whether BA(—) is “functorial” with
respect to inclusions. For example: is it true that BA(W,) € BA(W), or BA(W) C
BA(W;)? The answer in both cases, interestingly, is not necessarily.

16



Example 6.1 (BA(W,) ¢ BA(W)). Let H = L*[0,1]. Let W = C[0,1] and W, =
span{l,z, 2% ...}. Tt is also well known that W C H is dense (e.g. Consequence (i) of
Lemma 4.9 in [6]). Wy C W is dense by the Weierstrass approximation theorem, hence Wy
is a span of a (countable) orthonormal basis, e.g. the Hermite polynomials. Thus we satisfy
the conditions we want.

Consider the multiplication operator M... It preserves W since the product of two continuous
functions is continuous, and is also self-adjoint, so M.. € BA(W). However, 1-¢e* = €* is
not in the span of the polynomials, and so M. ¢ BA(Wj).

Example 6.2 (BA(W) ¢ BA(W;)). Let H and W, be as in the previous example, but now
let

W = span(W, U {simple functions in #}).
Wy is already dense in H by our previous remarks, so W is as well and we satisfy the

condition we want.

But consider the self-adjoint multiplication operator M,. Then M, € BA(W,;). But consider
the simple function f = 1j91/3 + 1j2/31. Then xf(z) is neither simple nor continuous (and
since it is not continuous, it is not spanned by the polynomials). Hence M, ¢ BA(W).

6.2 Density of BA(W,) C B(H)

The tractable linear structure of 1, allows us to prove the following result, due to [8]. The
idea is to show that, given any 7" € B(H), we can find a B € BA(W)) that is arbitarily close
to T' (with respect to the operator norm).

Fix a nonzero A € B(H). Let Q,, =1 — P,, i.e.

[e.e]

Qn(z) = Z (x,e;)e;.

i=n+1

Since A(e,) and A*(e,) have finite norm, for any € > 0 and n > 1 we can find k,, > n such

that
€ €

Now define the operator R € B(#H) as follows:

R(w) = 3 (@ ea)Qu,Alen) + (@, Qu A"(en))en ).

n=1

Proposition 6.3. R € B(H).

Proof. By the Cauchy-Schwartz inequality, we have on the one hand

Y (@ en)QraAlen) | <D I en)Qu Alen) | = D [ en)| - [|Qr, Alen)|

17



On the other hand,

o0

n=1

by an analagous argument.

[R()]

Proposition 6.4.

Proof. One the one hand,

[e.o]

and so

S (@, Qu, A (en))en

8

_ellz]
-3
Combining these inequalities shows that R is bounded:
= Z <<I7 6n>@knA(en> + <SL’, anA*(en»en) ‘
n=1
S Z<I’ 6n>@knA(€n> Z< an ( n>> €n
n=1 n=1
_ellzll _ elal
-3 3
<ellz|.
Z z, Qp, A n+ (x,en)anA*(en)>.

O (@ en)QnaAlen),y) =Y (@ en) - (Qr, Alen), y)
= (2, (5, Qu, Alen))en)
(z QA >> S Qe e

On the other hand,

[e.9]

) (x, Qu, A%en)en, y)

n=1

-3

n=1

(z, Qr, A%en) - (€n, y)

18



Z yaen anA en>

and so .
(Z<_a anA*6n>en> = Z<_v en)Qr, A" (en).
n=1 n=1
Summing the two gives the desired result. O

Theorem 6.5. BA(W,) C B(H) is dense.

Proof. Let B = A — R. The fact that B € B(#) follows from Proposition 6.3. We claim
that [|[A — B|| < e and B € BA(W,;). With regards to the first claim,

A= Bl = |[R] <€

by the previous calculation that R is bounded.

To show B € BA(Wj), we first show B(Wy) C Wy. Since W, is the span of the {e,}, it
suffices to show that B(e,) € W, for all n:

B(en) =A(e,) — R(ey)

=A(en) — (i <<€n7€i>QkiA(e) {en, @k A™(e1)) ’))

i=1

=A(en) — Qr, Alen) — Z<en,@k “(ei)er
~(1 ~ Qu)Alen) = 3 few Qe A" (@)

n—1

:PknA(e ) <en7Qk A*(62)>€Z - W(),

1

%

where in the third line the sum cuts off at n becuase @y, projects onto the {e;-y,}, hence
will vanish when taking an inner product with against an e,,<y,.

All that remains is to show B*(Wy) C W,. Using Proposition 6.4, we carry out an analagous
computation:

B*(en) =A*(en) — R*(ey)

:A*(en) — (Z ((enan ( )> + <envei>QkiA*(ei)>)

n—1

=A*(en) — Qr, A% (en) — Y (en, QA (&)

1

7
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n—1

:PknA*(€n> — Z<€m QkZA*(EZ»Gz e W,.

=1

Hence B € BA(Wj). O

7 Example: BA(W) C B(H) not Dense

We have seen that for proper dense subspaces W, C H which are linear spans of an or-
thonormal basis, it is true that BA(W,) C BA(H) is dense. However, we have also seen
that, given an arbitrary proper dense subspace W C H and the linear span of an orthonor-
mal basis contained in it Wy C W, operators which preserve Wy need not preserve W, and
vice versa. Thus we might be pessimistic as to whether BA(W) C B(H) is dense in general.
The purpose of this section is to provide such a counterexample.

The setup is the following: let H = ¢* and W = ¢! (W C H is dense because, for example,
the set of eventually 0 sequences is in both of them). The idea is to construct V' € B(H) such
that ||T"— V|| > 1/2 for all T'€ BA(W). In the following, {e;}{° will denote the canonical
orthonormal basis for ¢2.

The proof idea is due to [1], but executed and corrected here in full detail, in recognition
of the necessity of considering bounded adjointable operators on the subspace rather than
simply bounded operators.

7.1 An Orthogonal Sequence: (&,)

Let
on_1

&, =272 Z €onyi-
i=0

Remark 7.1. We write the first few ¢, explicitly:
& =271%2(0,1,1,0,...)
& =2""(0,0,0,1,1,1,1,0...)
& =27%2.(0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,0,...)
Note 271/2 > 271 > 273/2 > ie. 27?2 is a monotonically decreasing sequence.
Proposition 7.2. The &, are mutually orthogonal in %) i.e. (&,,&,) = 0 whenever n # m.
Proof. Assume, without loss of generality, that n < m. Then 2" + 14 < 2™ for any 0 < ¢ <

2" — 1. (Indeed, even if m = n+ 1, the closest these values get is 2" + (2" — 1) = 2" — 1 =
2™ — 1 < 2™.) We thus proceed as follows:

2m—1 2m—1 2" —1 2m—1
-n/2 E -m/2 E -n/2 E -m/2 E
<2 / €on g, 2 / €2m+i> =2 / <62n+z‘, 2 / 62m+z‘>
=0 j=0 i=0 §=0
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2" —1 2m—1

—o /2 Z 2-m/2 Z {eamj, eanii)

i=0 Jj=0

on—1 [ om—_1
=272y " [2m2 )y T 0

i=0 Jj=0

Proposition 7.3. For all n,

n(2—p) 1/p
(2 2 ) 1<p<o

HgnHP =
2-n/2 p =00
Proof. Note
2n—1
fn :2771/2 Z €on 1
i=0
=272 .(...,0,1,...,1,0,...)
——
2™ copies
=(...,0,272 272 0, .),
2n (?gpies
and so

n(2—p)
2

leally = 2" - (272 = 2

for 1 < p < oo, and [|&,]|ee = 272

Corollary 7.4.

anHl =2
[€nll2 =1
Corollary 7.5.
x 1<p<?2,
lim [[&afl, =41 p=2,
n—oo
0 p>2
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7.2 The Operator V

Now define the operator

for all z € (2.
Proposition 7.6. V(e;) = ¢; for all 1.

Proof.

o0

v(62> - Z<eia en)én = <ei; €z>€n = én

n=1

Proposition 7.7. V is a (partial) isometry. In particular, V € B(¢?).

Proof. For any x € (2,

0o 2

Z<Jf, en)fn

n=1

IV ()5 =

2

= Z ||<:L‘, 671>§n||§7
n=1

by the Pythagorean theorem, since the &, are mutually orthonormal,

[o.¢]

= |z, en)’
n=1

=13

by Parseval’s identity.

Proposition 7.8. For T € B(W), if |T — V||y < 1/2, then

2"—-1 2n/2

> leansi, Ten)| > 5
1=0
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Proof. We first show that

a1 21
> ensss Tlen)) = 277 = |3 ((eansis Tlen)) = 2772 |
=0 =0
To see this, first observe that
o1 2n—1
D ((eangin Tlen)) —272) | =1 Y <e2n+i,T(en)>) — on/?
i=0 1=0
on_1
> Y (eansi, T(en))| — 277
i=0
on_1
e 2”/2 _ ‘ Z <€2n+i’ T(en)> ‘ |
i=0
2n—1
> — 1y <e2n+i,T(en)>| :
=0
Therefore,
on_1 21
n/2 ((eanyi, Ten)) — 272 | <272 — (2"/2 - <62,L+Z-,T(en)>D
i=0 =0
1
=1 (eanii, T(en))
i=0
on_1
<Y [eansi, T(en))]
i=0
as desired.

Now we will show that

2n—1
27213 " ((egnsi, Ten)) — 27"2) | < 1 T(en) = &l
1=0
We calculate
2n—1 2n—1
27 n/2 ((eansis Tlen)) = 272) | =Y (27 (eznsi, T(en)) —277)
1=0 i=0

[(&n, T'(en)) — 1
=[{&n, T(en)) = (&n: En)]
[(€ns T'(en) = &)

|



where we have used the Cauchy-Schwartz inequality and the fact that ||€,]]2 = 1.

We also claim that
IT(en) = &nlla < 1/2.
This is because ||T"— V||; < 1/2 by assumption, and since e, is unit size (in the 2-norm), we
get from the properties of the norm that ||T'(e,) — V(e,)|l2 = [|T(en) — &nll2 < 1/2.
Pulling it all together, we calculate that

2" —1 2" —1

Z [{ean i, T(en))] >2"2 — Z ({eanti, Ten)) —277%)
—gn/? (1 —97n/2 22_1 ((eansi, Ten)) —272) )

>2"2(1 — || T(en) — &nll2)

>9on/2 (1 — 1)
2

2n/2

7.3 Two Sequences
Proposition 7.9. There exist two nonnegative, monotonically increasing sequences of inte-
gers (@)°, (B)5° such that

Y. lenT(es))l <1

iy —1,00—1]

for all » € N. We can pick these such that oy = 31 = 1 and ; > i2.

Proof. We will construct the two sequences inductively. Let ay = ) = 1. Since eg, € ¢!,
T(ep,) € ¢ and

o0
IT(es )l =Y [{eis Tles,))] < oo
i=1
Therefore, there must exist ay > 1 such that all coordinates of T'(eg,) outside the range
(g, 1] sum to less than 1. In other words, there must be an oy > ag such that

S e Tles, )] < 1.

i, 0]

For the induction step, suppose we have constructed («)fj and (5)]. First we will construct
B,+1. Note that e, € ¢! for any ¢ € N, so T'(e,) and T*(e,) are both in ¢*. Thus

ar—1 ar—1

> lei Tl = 3 T (ex). el
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The expression (T*(e;), e,) picks out the gth coordinate of an element in ¢'. Therefore, we
may pick ¢ = 8,11 > 3, such that

1
T i), < .
enax (T (e:), )] 2o
This will ensure that .

> N Tlea )l < 5

i=1
Nothings prevents us from picking such that 3,1 > (r + 1)? as well.

Outside of [1, o, — 1], which is the range [a,., 00), the sum is still finite. Thus we can once
again find an upper bound «,.;; > «, such that the above sum is < 1/2 on [a,41, 00). Pulling
this all together, we have found o, > «, such that

S enT(es. ) < 1.

iZlar,ary1—1]

This completes the induction step. O

7.4 Failure to Approximate V
Theorem 7.10. Taking H = ¢? and W = (! as above, BA(W) C B(H) is not dense.

Proof. Suppose there exists T € BA(¢') such that ||T — V|, < 1/2. Consider the element

o0

1
w = Zﬁ@ﬁk € 61.

n=1

This element is indeed in ¢! as >~ 1/n* =7/6 < cc.

> 2Bn/2 2
> (5 5)

n=1

) 2Bn/2 7T2
nlggo<2n2 _E> e

Our first claim is that the series

diverges. Indeed,

since in particular 3, > n?.

Now

|Twl||, = Z ‘<€ia Z éT(eﬁk)>‘

DYDY <ei,Z%T(%)>'
23
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an—1

n i=Qn—1

6747 6571 +

by an application of the triangle inequality,

n i=anp_1 k#n
an—1 1 an—1
= > —slten Tes))l = > E
n =01 1=Qn—1 k;én
an—1 1 an—1
:E , E , ‘ e, I’ eﬁn ‘_ E E , ‘ e, T’ eﬁk
n 1= —1 k;én 1= —1

by Tonelli’s theorem for series,

by Proposition 7.9, since k # n,

an—1 1
>

Z‘:O(n71

(i, T'(es,)]

an—1

1
=S len Tien)
n =01
an—1
- n2 Z ‘6“ 65" 6
n 1=Qn—1
3 (& (St |)

by Proposition 7.9,

_Z, ei, T(es,))| —

2ﬁ7z+1 -1
> -

> 3 > en T(es,))

n 1=268n

26n _1

67'7 66?’1 ’

>

k#n

627 eBk

k#n

1
S

k#n
1
’I’L
+

2
6

1
n?

6

= ng Z ( €aontis 1 65n)>| B

n =0

26
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by Proposition 7.8,

This shows that [|T'(w)||; is bounded below by a divergent series, hence ||T'(w)|; is also
divergent. This slight abuse of notation nonetheless demonstrates that T'(w) & ¢'. But this

is a contradiction since T' € BA(('). Hence | T — V|| > 1/2 for all T € BA(("). O
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