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Unless otherwise stated, the field of scalars is assumed to be C.

1 Banach algebras

Definition 1.1. A Banach algebra is a Banach space A paired with an associative, distribu-
tive multiplication such that

e (linearity) A(ab) = (Aa)b = a(\b)

e (continuity) [|ab]| < lal| - [|b]]
for all a,b € A and all A € C.

The following justifies the way we describe the second condition (though strictly speaking
the second condition is stronger than continuity):

Proposition 1.2. Multiplication in a Banach algebra A is continuous (as a function Ax A —
A).

Proof. If x,, = x and y,, — y in A, then

|Znyn — 2yl =[[(20 — 2)y + (Yn — y) 20|
< =zl - Nyl + lym — yll - [|2]]
—0.

SO TpYn — TY. m

1.1 units

As one might expect, a unit 14 € A is an element such that aly = 14a = a for any a €
A. There is a connection between non-unital Banach algebras and unital Banach algebras,
specifically in that we can embed any non-unital Banach algebra into a unital one as an ideal
of codimension 1.

Corollary 1.3. If A has a unit, then the unit is unique.
Proof. Let 14,1’ be units. Then 14 = 1,41, =114 =1/,. O
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We would typically expect a unit to have norm 1. However, this is not always the case.
The situation isn’t far from this, however. We will show it is always true that ||[14] > 1.
Furthermore, we can replace the norm on A with an equivalent one in which the (new) norm
of 14 1s 1.

Proposition 1.4. If A is a unital Banach algebra, then [|14]| > 1.

Proof. Since 14 = 1%, it follows ||14|| < ||1a]| - ||[14]]. Such an inequality on real numbers
only holds for numbers > 1, hence the result. O]

Lemma 1.5. If A is a unital Banach algebra, then there exists an equivalent norm n on A
such that A is unital and n(14) = 1.

Proof. For x € A, consider the left multiplication operator L, : y — zy.
Claim 1.6. L, is injective, bounded, and linear.

Proof of claim. For injectivity, suppose L, = L,,. Then in particular x = 214 = 2’14 = 2’
For linearity, note

Lyoiyz = Az +y)z = Aez+yz = (ALy + L) (2).

For boundedness, note
ILayll = llzyll < llzll - llyll,
so L, is bounded and in particular ||L,| < ||| O

We now set

n(x) = || La|-
First let us show this norm is equivalent to || - ||. By the above, we already have n(z) < ||z||.
Conversely,
(@) =|Lel| = sup{[[ Lyl - lyll < 1}
=supilzy| : lyll <1}
: La
>yl (setting y' = =)
Al
e
Ll
In total,
]l
<) < o)
[ Lall

which proves equivalence.

Now let us show n(—) makes A a Banach algebra. Completeness follows by equivalence, and
for all x,y € A we have

n(xy) = Layll = | LaLy||

2



SN Lall - 1Lyl = n(2)n(y).

Thus A is a Banach algebra under n(—).

Finally, we check that n(14) = 1:

n(La) =[| L,
=sup{[|Lo,yll : lyll < 1} = sup{[ly| - [ly] < 1}
=1.

This concludes the proof. O]

Lemma 1.7. If A is a non-unital Banach algebra, then it can be embedded into a unital
Banach algebra A; as an ideal of codimension 1.

Remark 1.8. As our construction will show, [[14,] = 1. We don’t mention it in the
statement above because, by Lemma 1.5 we could always modify A; so that this is the case.

Proof. Let A; = A ® C. Define multiplication on A; as follows:
(2, (Y, 1) = (zy + pz + Ay, Aw).
One checks this is associative and distributive. Also (0, 1) is a unit:
(2, A)(0,1) = (0 + x4+ A0, A1) = (x, A).
We now define the norm on A; as follows:
Gz, MIF= Nl + AL

Note [|(0,1)]| = 1. Let us now verify that this norm makes A; into a Banach space: suppose
a sequence {(x,, \,)} C Ay is Cauchy. Then for any € > 0 there exists N > 0 such that for
all n,m > N we have ||(z,, \n) — (Tm, Am)|| < €. But then

[(@n = @, Ae = Al = l2n = 2l + [An = Am| <,

so both (z,) C A and (A,) C C are Cauchy, hence convergent. Say x, — x and A\, — A.
Then we can find N > 0 such that

€
2

= €.

€
1, An) = (@, A = Nl — 2l + A = Al < 5 +

This shows completeness.
Now let us check this norm makes A; a Banach algebra:
(2, Ay, )| =Ny + px + Ay, )| = llzy + pa + Ayl + [ Aul]
<[l - Myl 4 Lk -l AT gl + AL [l

=(llzll + AD Uyl + |l)
=[G, M- 11y, 1l
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Hence A; is a Banach algebra with unit.

All that is left is to identify A is a codimension 1 ideal in A;. The mapping = +— (z,0) is
an isometric isomorphism between A is the set M = {(x,0) : © € A} C A;. This set is
codimension one, and an ideal since

(y, \)(z,0) =(yz + A\z,0) €
(2, 0)(y, A) =(zy + p,0) €

This concludes the proof. n

M,
M

1.2 invertible elements

In a unital Banach algebra A, the inverse of a, if it exists, is such that a7 'a = aa™' = 14.

There are two initial complications: the lack of a commutativity assumption means an
element could satisfy one of the above conditions when multiplying on the left but not the
right. The second is uniqueness.

We will write G(A) for the set (in fact, group) of invertible elements. Elements which are
not invertible are called singular.

Proposition 1.9. Let z € A. If [ is a left inverse of x, i.e. lx = 14, and r is a right inverse
of z, i.e. xr = 14, then x € G(A) and, in particular, [ = r.

Proof. By assumption lz = xr = 14. Then in particular r = (lz)r = I(zr) = L. O
Proposition 1.10. G(A) C A is open.

Proof. Recall that if y € A is such that ||y|| < 1, then
3
k=0

exists by (Banach spaces, Proposition 5.1). Furthermore, w is the inverse of 14 — y by the
Neumann series (Banach spaces, Proposition 1.1). So if x € A is such that ||[14 — x| < 1,
then since x = 14 — (14 — ) we get 271 =", (14 — 2)k.

We will show that for any xy € G(A) we have B(
proof.

H—LH’ x9) C G(A), which will complete the
Zo

Now for any o € G(A), we know zozy 2 = 2. Also
a =g 2]l = llzg" (o — )| < flzoll ™ - flzo — |-

If [z — x| < H:z:01|| ! (i.e. x is in the ball described above), then the above inequality
becomes |14 — 25 z|| < 1 so we can apply our previous remarks to get z;'z is invertible

and in particular
[o¢]
R
k=0
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To show z € G(A), we can write

(25 2) " (zg ') = (Z(lA - walm‘“) (25" x) = 1a.

k=0

~
x—1

This is a left inverse. A right inverse can be obtained analagously. By Proposition 1.9 this
suffices to show z € G(A). O

Corollary 1.11. The inversion function G(A) — A is continuous.

Proof. Suppose (x,,) C G(A) converges to o € G(A). For large enough n, we get ||z, —zo|| <
L _. Then by the above proof

llzg 11"
ot = 5t = | D2 (5 (w0 — a)) )
k=0
oo
<D (=gl - llzo = al)*
k=0
which tends to 0 since ||zg — || — 0. In other words, (z;!) — z;". O

1.3 spectrum

Proposition 1.12. For 2 € X, the resolvent set C — 04(z) is open.

Proof. We will show that for every A\g € C — o4(z), the open ball

b
|72 (o)

is contained in C — o4(x). So let A € B. Then ||(A — Xo)R.(A\o)|| < 1, so Banach spaces
Proposition 1.1 implies

B = B()\o, )

L= (A= 20)Ra(Mo)

is invertible. Since A\ & o(x), it is also true that (z — A\¢l) is invertible. Combining these
facts, we can show that x — A1 is invertible:

r—Al=x—X1—(A=X)l=(x—X1): (1= (A= X)R:(No)).
Thus A € C — 04(z) and the result follows. O
Proposition 1.13. o4(x) C C is closed and bounded:
oa(z) C{A e C: A < ]|}

In particular, it is compact.



Proof. If |A| > ||z||, then (z — Al4) = —A(1 — §) has an inverse provided by the Neumann
series (Banach spaces, Proposition 1.1) since ||| < 1. Hence o4(z) is bounded. It is closed
because its complement is open, by Proposition 1.12. O

Proposition 1.14. The resolvent function R, is analytic (in the sense of Banach spaces,
Definition 5.3).

Proof. For this claim to even make sense, the domain of R, must be open. This is Proposition
1.12. We need to show that R, can be defined as a power series which converges absolutely
on an open disk centered at each Ay € C — o4(x). By the proof of Proposition 1.12, we can
take the disk of radius ||R,(Ao)|| ™

Let A € C—o04(x). In the proof of Proposition 1.12, we show that x — A1) is invertible, and,
for A\g in the disk described at the end of the previous paragraph,

r—A = (z—X) (1 =(A=X)R:(No)).
Taking inverses of both sides,
Ry(A) = Ra(Xo) - (1 = (A = Ao) Ra (X)) ™

Now we can expand (1 — (A — \g)R.(Ag)) ! as a Neumann series (Proposition 1.1) to get

Ro(X) = Ru(\o) ZR (M) (A = Xo)" ZR Xo)"TH = Ao,
n=0
which shows that R, can be expressed as an appropriate power series. O

Theorem 1.15. 04(z) is nonempty.

Proof. Suppose g4(x) is empty. Then the resolvent is defined on all of C. It is analytic
(Proposition 1.14) and nonconstant. We claim it is also bounded. Note ||[x—14A| < [|z|[4+]A[.
So ||(z — 14A)7!|| is bounded by (||z|| + |A])~*. In particular, it is finite away from infinity.
It remains to show that it remains bounded as |A| — oo. Without loss of generality, suppose
|A| > ||z||. Then, by the Neumann series (Banach spaces Proposition 1.1) we get

o =3 (a-3)”

k=0
Hence
] & T b
I = 1) < (” ”)
A2\
1
RY [ [l/|Al
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This tends to 0 as |\| = oo, hence R, is bounded.
We have shown R, is entire, bounded, and nonconstant. Thus by Louisville’s theorem R, =
0. But then (x —A14)~* = 0, contradicting the fact that (x —A14)(z—Al4)' =14 #0. O
Proposition 1.16. Let A be a unital Banach algebra, and a € A.

1. For any complex polynomial p, we have o4(p(a)) = p(ca(a)).
2. If a € G(A), then g4(a™!) = oa(a)™t

Proof. 1. Suppose deg(p) > 1 (the other case is immediate). For any p € C, let (X\;)} be
the complex roots of the polynomial p(—) — p. In other words, for all z € C, we have

p(z) =p=alz = ) (2= M)

for some a € C. Then
pla) — pla=ala— A1) (a— N 1a).

Claim 1.17. If (a;)7 C A are mutually commuting, then the product a;---a, is
invertible if and only if each a; is invertible.

Proof of claim. In one direction, if each a; are invertible then a; - --a, is invertible,
regardless even of the mutually commuting assumption.

Conversely, if the product a; - - - a, is invertible, then we can write down an inverse for
each a;. For example,

as(araz - an)(ar - an) ™ =(ar - an) Mag - an)

This shows the claim. O

First we will show
oa(p(a)) C p(oa(a)).

Suppose i € o4(p(a)). Then by definition p(a) — ul,4 is singular, so by the claim there
exists some ¢ such that a — ;14 is singular. This would mean \; € 04(a). But

pA) — = a(di = A1) (A = Ay) =0,

so p(A;) = p. Hence u € p(oa(a)) as desired.

Now we will show
p(oala)) C oalp(a)).
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Suppose A € ga(a), and write == p(A) (so that u € p(ca(a))). Then again

p(z) —p=alz =X ) (2= ),

so if z = A then p(2) — u = 0, i.e. p(z) = u. By the above remarks we would get that
z =\ = )\; for some i. Hence (a — \;14) is singular, since (a — A1) is by assumption.
By the claim, we get that

pla) — pla =ala—A1y) - (a—N14)

is singular. This shows p = p(\) € o(p(a)), which is what we wanted.
2. If a € G(A), then by definition 0 # o4(a). For any A € C which is nonzero, we get

a—Ma=a(ly—da ") =a\ A1y —at).

Since a) is invertible, it follows that a — A14 is invertible if and only if A™'14 — a™*

is invertible, which is only the case if its negative a=' — A\7114 is invertible. This is
precisely the statement in the proposition.

]

Corollary 1.18. 04(—a) = —o(a).

Proposition 1.19. Let R be a unital ring. The element 1 — yz is invertible if and only if
1 — zy is invertible. In particular,

1—yz) ' =1—y(1—ay) 'a

Proposition 1.20. Let A be a unital Banach algebra. Then
oa(zy) U{0} = oa(yz) U{0}.

Proof. Let A\ € C be nonzero. Then

A € o4(zy) <=A14 — xy invertible

<A (1,4 — z—f) invertible.

But by Propostion 1.19, this is only possible if
A(lA—%) — My -y
A
is invertible, i.e. if and only if A € o4(yx). O

Proposition 1.21. Let A be a unital Banach algebra, and a,b € A. Then ab — ba # 14.



Proof. Suppose ab — ba = 14. One one hand, Proposition 1.20 says
oa(ab) U{0} = g4(ba) U{0}.
But on the other hand
oga(ab) = o4(1s +ba) =1+ oa(ba)
by . This suggests
{1+ 0a(ba)} U{0} = a(ba) U {0},

which we will now show is a contradiction.

First suppose o € o4(ba) is such that Re(a) > 0. Then 1 +«a # 0, so (1 +«a) € {1 +
oga(ba)} \ {0}, implying by the above equality that 1 + o € 04(ba). Inductively we show
n+ a € oa(ba) for all n, contradicting the boundedness of o 4(ba) (Proposition 1.13).

Now suppose Re(a)) < 0. Observe —a € o4(—ba), and Re(—a) > 0, so we reach a contra-
diction by the above situation. O]

Theorem 1.22 (Gelfand-Mazur). Let A be a unital Banach algebra. If every nonzero
element is invertible, then A = C.

Proof. Let x € A. Then o4(z) # 0 so there exists A € C such that + — A4 & G(A). By
assumption this means x — A14 =0, so z = A\l 4. O

Theorem 1.23 (Gelfand’s formula).

p(z) = limsup [|lz"||*/".

n

Proof. First we will show p(z) < limsup, ||z"|'/". Indeed, if |A| > limsup, ||z"||*/", then
limsup,, [|A™"2"|| < 1 so, by Banach spaces Proposition 1.3, (A1 — x)~! exists. Since this
is true for all A such that || > limsup, [|z"||*/", it must be that limsup, [|z"||"/" > p(z)
(else there would be a A for which (A1 — x) is not invertible, contradicting what we have just
shown).

Conversely, suppose A is such that |A| > p(x).

. x"
Jim ¢ (Anﬂ) =0

Proof. By Proposition 1.14, the resolvent is analytic on the set of A such that |\| > p(z). By
the uniqueness of the Laurent expansion () and Banach spaces Corollary 1.3, we must have

Claim 1.24.

k

R
(A1 - ) 122)\k+1'

k=0

ref

correct

ref



Let ¢ € X*. Since (A1 — z)! exists, so must ¢((Al —x)7 1), ie.
o(35t) - 30 (30)
k=0 k=0
is convergent, where we have used the continuity and linearity of ¢. The result follows. [J

Define
T,: X*—C
xn
o0 ()

for all n € N. Since each T,, is an evaluation map, it is continuous and linear. We also have
that X* (and C) are Banach. Claim 1.24 implies

sup || T(¢)]| < oo

TE{Tn}
for all ¢ € X*. Hence by the uniform boundedness principle (Banach spaces Theorem 3.9)

sup |7 < oo.
TE{Tn}

Let’s unwrap what this gives us. By definition

= o, H¢ (Ai“) H - A”l“ ey 196
Also by definition,
ol = sup 12N
w20 |||
so ||¢|| = 1 means, in particular, ||¢p(z™)] < ||z™||. By . there actually exists ¢ such that

[o(z)|| = [l="]] and |[¢]| = 1. Hence

sup [l6(a™)] = 2™
lell=1

Pulling it all together, we have
:II.TL

IT) = | o

Since this is true for all n, the sequence (z"/A"™!) is bounded, i.e. there exists a > 0 such
that ||2"/\""!|| < « for all n. Hence ||z"||'/" < a'/"|A["*¥/". Then

lim sup ||2" ||/ < lim sup o™ A"V = |\
n n

Since we chose |A| > p(x) arbitrarily, we have shown

lim sup ||| < p(=),

n

completing the proof. O
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1.4 constructing Banach algebras

Proposition 1.25. Let A be a Banach algebra, and V' a closed 2-sided ideal. Then A/V
is a Banach algebra. If moreover A is unital and V is proper, then A/V is unital and

Lajv < |[1all-
Proof. By Banach spaces, Proposition 2.5, we know A/V is a Banach space.
We first claim A/V is an algebra with respect to the multiplication [z] - [y] = [zy]. Indeed,
if 2/ ~ x and ¢y ~ y, then
ry—a2'y =(@x—2 y+2(y—y)evVv
since V' is a 2-sided ideal.

For the Banach inequality, we calculate

=] - [l =llzy]ll = inf [lzy + o]
< inf |jzy + zw + vy + vw ||
~——_— —

v,weV
eV

= inf @+ 0)(y+w)l

< i .
< inf o+ o<l + ]

= [\ [I - [ITg11l-
Thus A/V is a Banach algebra.
Now suppose A is unital and V' is proper. Immediately we have [14] - [b] = [b], so [14] is a
unit. Furthermore,
=i <
Ttalll = mf |14 +vlf < [[1a]
by taking v = 0. O

1.5 Gelfand theory

Proposition 1.26. Every maximal ideal in a unital Banach algebra is closed.

Proof. Let J C A be a maximal ideal. Then J cannot contain any invertible element
(otherwise J = A). Hence J C A\ G(A). By Proposition 1.10, G(A) C A is open, so
A\ G(A) is closed, hence

JCJCA\GA).

In particular, J # A. Since J is maximal and J is also an ideal, it follows that J = J. O

Definition 1.27. Let A be a Banach algebra. A nonzero homomorphism A — C is called a
character of A. The set of all characters on A is called the spectrum, and denoted Sp(A).

Corollary 1.28. For a unital Banach algebra A and any ¢ € Sp(A), we have £(14) = 1.
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Proof. We calculate
¢(a) = ¢(ala) = ¢(a)p(1a),
so p(la) = 1. O

Corollary 1.29. Let A be a unital Banach algebra, and ¢ : A — C a character. For any
a € A, we have {(a) € ga(a).

Proof. First calculate
la—{(a)la) ={(a)—¥{(a) =0.

Now if a — ¢(a)1 4 has an inverse b, then
l((a—L(a)la)b) =L(a—L£(a)l4)l(b) =0-b=0,
contradicting Corollary 1.28. O]

Proposition 1.30. Every character ¢ on a Banach algebra is continuous. In particular,
6]l < 1.

Proof. Let A be a Banach algebra, and ¢ a character. First suppose A is unital. For any
a € A such that ¢(a) # 0, Corollary 1.29 tells us that ¢(a) € o4(a). Proposition 1.13 tells
us that |¢(a)| < ||a||. The inequality still holds if ¢(a) = 0. Hence ¢ is continuous. Now
suppose A is non-unital. Consider its unitization A; = A ® C, and the map

¢/ A — C
(a, ) — ¢(a) + .

One checks this is a homomorphism. It is continuous by the previous paragraph, hence its
restriction to A (which is ¢) is continuous as well. O

Theorem 1.31 (character correspondence). Let A be a commutative unital Banach algebra.
There is a canonical bijection

characters maximal ideals
{ of A } — { of A }
¢ = ker(0)

Proof. The idea is that kernels are maximal ideals, and conversely every element outside
a maximal ideal J is invertible, hence by the Gelfand-Mazur theorem A/J = C. Then
composition with the projection A — A/J uniquely determines a character. In detail:

Let £ : A — C be a character, and write J = ker(¢). Since £ is nonzero by definition, J # A,
so there exists a ¢ J. Then any b € A can be written as

b:a%Jr(b—a%).

12
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Note b — a% € ker(¢) = J, since

((b) ((b)
(l{b—a——=) =40b) —lla)—= =0.
(0~ ag@y) =10 - 4oy
Since b € A is arbitrary, this shows A = Ca + J. Since J is codimension 1 it is maximal .
Conversely, suppose J is maximal. By Proposition 1.26, J is closed, hence by Proposition
1.25 we have that A/J is a Banach algebra.
Claim 1.32. Every nonzero [a] € A/J is invertible.

Proof of claim. Suppose [a] is not invertible. Then J + aA is a proper ideal of A containing
J, contradicting the maximality of J. O

By the claim, every (nonzero) element in A/.J is invertible. Hence by the Gelfand-Mazur
theorem (Theorem 1.22), there is an isomorphism ¢ : A/J — C. Now let 7 : A — A/J be
the canonical projection. Then pomw: A — A/J — C is a homomorphism with kernel J:

where ¢ o w(a) = 0 if and only if 7(a) = 0, if and only if a € J.

This correspondence is one-to-one since ¢ is uniquely determined by its kernel: if ker(¢) =
ker(¢'), then for all a € A we have a — {(a)la € ker(¢) = ker(¢), so ¢'(a) = {(a) since
'(1a) = 1. O

Proposition 1.33. Any commutative unital Banach algebra posseses at least one character.
Proof. 1f every element is invertible, then A = C by the Gelfand-Mazur theorem (Theorem

1.22), and this isomorphism is itself a character.

Otherwise, there exists a noninvertible x € A. Then xA C A is a proper ideal, hence
contained in some maximal ideal J . By the character correspondence (Theorem 1.31), J is
the kernel of a character on A. O

Definition 1.34. The set of characters of a commutative unital Banach algebra A is called
the spectrum of A, and is denoted Sp(A).

The natural topology in which to consider Sp(A) is the weak*-topology (Banach spaces,
Definition 2.1):

Proposition 1.35. Sp(A4) C A is compact in the weak*-topology. In particular, it is a
(weak*-)closed subset of the unit ball in A*.

13
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Proof. By Proposition 1.30, we know that any character is bounded with norm < 1, hence
Sp(A) is contained in the unit ball in A*.

Now suppose (¢,) C Sp(A) is a net converging to ¢ € A*. Then by definition of the weak*-
topology, £, (z) — ¢(x) for all z € A. But then, for all z,y € A,

¢(xy) = lim by (zy) = lim £ (2)la(y) = ¢(2)d(y).

Hence ¢ € Sp(A), so Sp(A) is a closed subset of the unit ball in A*. Since the unit ball is
compact in the weak*-topology by the Banach-Alaoglu theorem (Banach spaces, Theorem
?7), it follows that Sp(A) is compact. O

Definition 1.36. Let A be a commutative unital Banach algebra. For each = € A, we can
consider the “evaluation” map z : Sp(A) — C, i.e. the map whose value on ¢ € Sp(A) is

Varying over all z, we obtain a map

x 5 o(sp(a)
x> (05 ().

called the Gelfand transform.
Theorem 1.37. Let A be a commutative unital Banach algebra.

1. For any x € A,
Im(z) = oa(x).
If moreover x generates A, i.e. the polynomials in x are dense in A, then the map z is
a homeomorphism.

—

2. The Gelfand transform (—) : A — C(Sp(A)) is a homomorphism (in particular, each
Z is continuous) and
2]l < 1]

for all z € A.

Proof.

1. Corollary 1.29 tells us that Im(z) C o4(z). Conversely, let © € ga(x). So x — Al is
not invertible, so it belongs to some maximal ideal J. By the character correspondence
(Theorem 1.31), there exists a (unique) ¢ € Sp(A) such that ker(¢) = J. Thenz—A1,4 €
J miplies (z — Al4) = 0, which implies ¢(z) = A\. Hence A € Im(z), which shows
oa(z) C Im(z).

2. To see that the Gelfand transform is a homomorphism, compute

zy(l) = U(zy) = L(x)(y) = 2(O)g(0).

14



To see that Z is continuous, let (¢,) C Sp(A) is a net converging to £. Then by definition
of the weak*-topology,
T(ly) = lo(x) — U(z) = Z(L).

This shows Z is continuous.
The inequality is implied by the first part.
O

Corollary 1.38. Let A be a commutative unital Banach algebra generated by a € A. Then
a:Sp(A) = 04(a) C C is a homeomorphism.

Proof. By Propositions 1.35 and 1.13, both Sp(A) and c4(a) are compact Hausdorff. By
Theorem 1.37, a is continuous and surjective in this case. By , it suffices to show a is

injective. So suppose a(f1) = a(ls), i.e. ¢1(a) = f3(a). Then for any cy,cq,...,cy C C, so
N N
4 (Z cna”> =Yy (Z cn&”> )
n=0 n=0
Since /1, (> are continuous and a generates A, we have ¢; = /5 and are done. O

2 (*-algebras

Definition 2.1. Consider a Banach algebra A with an involution a — a* such that

1. (conjugate linear) (Aa)* = Aa*.
2. a%=a

3. (ab)* = b*a*

4. (continuity) [|a*|| = ||a]|

ot

. (C*-property) |la*al| = [|a||*.
If A satisfies properties 1-4, it is called a Banach *-algebra. If A satisfies all properties 1-5,
it is called a C*-algebra.

Definition 2.2. An element a in a C*-algebra is called:
self-adjoint if x* = x.

e a projection if it is self-adjoint and 22 = x.

e normal if a*a = aa™.

e uynitary if it is normal and aa® = a*a = 14.

Corollary 2.3 (real-imaginary decomposition). Given a C*-algebra A, we can decompose
any r € A as follows:

1 1
r = 5(1: +a") + zz(x —z").

This is the unique decomposition of x as x = h + ik where h, k are self-adjoint.

Proof. If we can write x = h + ik, then 2* = h — ik. Solving for h, k yields the desired
result. O
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Definition 2.4. Given a unital C*-algebra A and an element z € A, write A(x) for the unital
C*-algebra generated by x, i.e. the closure in A of the x-algebra of complex polynomials in
x, ¥, and 14.

Corollary 2.5. A(x) is commutative if and only if x is normal.

Proposition 2.6. Let A be a unital C*-algebra, and h € A self-adjoint. Then o4(h) C R.

Proof. The idea is the following. A(h) is commutative unital. Consider the exponential
u; = e € A(h). One shows ||ug]| = 1 for all t € R. Since for any ¢ € Sp(A(h)) we have
1€]] <1, we get |[€(us)] < ||ue]| = 1. We then use the continuity of £ to show £(u¢) = . So
we end up with an inequality |exp(itf(h))| < 1 for all ¢ € R. This will imply that £(h) € R,
and hence we conclude that h is real-valued. We now use the fact that A(h) is commutative

~

unital to know that o4 (h) = im(h). But o4(h) C oam)(h) and we're done. In detail:

Suppose h € A is self-adjoint. By Corollary 2.5, A(h) is a commutative, unital C*-algebra.
For t € R, write

o0

w = et = Z %h”,
n=0
which is well-defined by . By the continuity of the involution,
i = (Z %h) - i 3 e
=u_, B B

So

Ufup = U_guy = ug = ly,
and 1 = |Jujwu]| = ||w]|?, implying ||us|| = 1 for all ¢ € R.

Proposition 1.30 tells us that ||£|| <1, so |[¢(u:) < ||uz]| = 1. Now let £ € Sp(A(h)). Also by
Proposition 1.30, ¢ is continuous, and so

U(u) =1 (i %h”) — i (Z?ng(h)n _ itth)

n=0

Combining these results tells us that |e®")| < 1 for all + € R. But this implies ¢(h) € R
(since, for example, |e*| < 1 implies Re(z) < 0, and our statement is true for all ¢ € R hence
Re(4(h)) = 0).

So h is real-valued. By Theorem 1.37, oamy(h) = Im(h), so oamy(h) CR. But A(h) C A, so
we also have o4(h) C oamy(h), so 04(h) C R as desired. O

Theorem 2.7 (Gelfand-Naimark). Let A be a commutative unital Banach *-algebra. The
Gelfand transformation

—

(=) A— C(5p(4))

is an isometric *-isomorphism if and only if A is a C*-algebra.

16
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Proof. The idea is the following. For the forward direction, recall that C(Sp(4)) is a C*-
algebra by . So if A is isometrically *-isomorphic to it,/t\hen so is A. Conversely, you can

use the real-imaginary decomposition of x € A to show (—) is a *-homomorphism. To see it
is isometric (hence injective), we start with self-adjoint h € A and see

Il = p(h) = limsup [A*"]|'/*" = ||1].

The extension to general x € A is obtained by considering the self-adjoint element xx*. To

see it is surjective, we see first note that im((—)) is closed, then that it seperates points,
hence is dense in, and in fact equal to, C(Sp(A)). In detail:

We will just consider the converse direction. Suppose A is a C*-algebra. By Proposition 2.6,
for any self-adjoint h € A we have g4(h) C R, i.e. h is real valued (e.g. by Theorem 1.37).
By Corollary 2.3 we can write

for any © € A. Then

This shows (/—\) is a *-homomorphism.

—

Now we will show (—) is isometric (which will also show it is injective). First we will show
it is isometric on self-adjoint elements. Let h € A be self-adjoint. By the C*-property,
IR[I** = [In*"]]. Thus .

lloc = p(h) = limsup 112" = |nl,
where we have used and Theorem 1.23. This shows (/—\) is an isometric on self-adjoint | ref
elements. In the general case, let x € A. Then

12]1% =22l = 2"zl
=|lz*z|| = ||z,

—

where we have used the fact that z*z is self-adjoint and the C*-algebra property. So (—) is
isometric on all of A.

—

It remains to show (—) is surjective. Since A is complete and (/—\) is an isomorphism,
Im((—)) is closed in C(Sp(A)) . In fact, it is a closed *-subalgebra with unit, since (—) is a | ref

17



*-homomorphism. We claim 1m((/—\)) seperates points of Sp(A). Indeed, for any ¢; # /5 in
Sp(A), by definition there exists = € A such that l(x) = ly(x), ie. £(l1) # Z(¢3). Then, by
the Stone-Weierstrass theorem (), im((—)) C C(Sp(A)) is dense. Since it is also closed, we
have equality and we are done. O]

Theorem 2.8. Let A be a unital C*-algebra, and z € A an invertible element. Then x~1
belongs to the C*-subalgebra of A generated by 14,x,z* (i.e. the closure of A in the set of
complex polynomials in 14, x,z").

Proof. The idea is the following. We will first consider a self-adjoint element x. In this
case, we can actually show that 7! is in the algebra generated by . To see this, we let
A be the algebra generated by z, and B be the algebra generated by z~!. Since x and !
commute, B is commutative, so it is isometrically *-isomorphic to C'(Sp(B)) by the Gelfand-
Naimark theorem. Now one shows the image of A under the Gelfand transform, A, separates
the points of Sp(B). So by Stone-Weierstrass we conclude A = B. The Gelfand-Naimark
theorem in the other direction then gives us that A = B, and in particular 2! € A. For the
general case, we do a similar thing, observing that for the self-adjoint element x*x a certain
element appears in the C*-algebra generated by 14, *z which will also appear in the algebra

generated by 14, z,2* and will multiply with z* to yield 1.

Suppose first that © = x*. Let A be the unital C*-algebra generated by z, and B the
unital C*-algebra generated by z,27!. So A C B C A. Since x and 27! commute, B is

commutative. Thus by Theorem 2.7, the Gelfand transform (/—\) :B— B:=C(Sp(B)) is an

ref

isometric *-isomorphism. Since A is a C*-subalgebra of B, it follows () that A (the image of | ref

A under the Gelfand transform) is a C*-subalgebra of B.

We claim A separates points of Sp(B). Let ¢1, ¢y € Sp(B), and suppose ¢1(x) = ly(z). Then
for any ¢ € Sp(B),
Uz =L(x)(x) = £(14) = 14

and

O(x ™) =) = ly(x) ™t = ly(ah).

Since B is generated by x,x7! it folloxivs that ¢; = ¢5. We have shown tAhat if {1 # {5, then
U (x) # lo(x), i.e. &(l) # 2(l3). So A separates points of Sp(B). So A C B is dense, and
since it is also closed, they are equal. Theorem 2.7 again now imiplies A = B. In particular,
rte A

For the general case, consider an invertible element x € A. Then z*x is invertible with
inverse x~!(z~!)*. But z*x is self-adjoint, hence by the above z71(z!)* is in the C*-algebra
generated by 14 and x*z, which itself is in the C*-algebra generated by 14, z,z*. But then

I_l(l‘_l)*l’* — (l’*l‘)_ll’* — (L’_l

is also in that algebra, and we are done. O]

Corollary 2.9 (spectral permanence). Let A C B be unital C*-algebras with the same unit,
and let x € A. Then o4(x) = op(x).

18



Proof. A C B already implies op(z) C 0a(z). For the other inclusion, suppose (x — A14)
is invertible in B. Then by Theorem 2.8, (x — Al4)~! is in the C*-algebra generated by
x — Ay, ie. . — Ay is invertible in A. Thus C\ og(z) C C\oa(z). So op(x) D oa(x). O

Corollary 2.10. Let A be a unital C*-algebra, and € A normal . Then ||Z||,. = p(x).

Proof. Since x is normal, A(x) is commutative (Corollary 2.5). Thus im(2) = oa(,)(x) by
Theorem 1.37. By Corollary 2.9, 04 (x) = 0a(z). Now by definition,

[2]loe = sup{|z(€)| = |€(x)] : £ € Sp(A), [[€] < 1}.
But by Proposition 1.30, it is always true that ||¢|] < 1. Hence
[#]lec = sup{[2(€)] = [£(x)] : £ € Sp(A)} = sup{[A[ : A € im(Z) = oa(x)} = p().
[

Theorem 2.11. Let A be a unital C*-algebra generated by a single normal element h € A.
Then there is an isometric *-isomorphism between A and the algebra C(o4(h)), mapping
polynomials in h to the same polynomials in C'(c4(h)).

Proof. By Corollary 2.5, A = A(x) is commutative. Hence by Theorem 2.7 it is isometrically
x-isomorphic to the C*-algebra C(Sp(A)). By Theorem 1.37, h : Sp(A) — oa(h) is a
homeomorphism. Now define
a: C(Sp(4)) — C(oa(h))
frsfoh™

Sp(A) oa(h) o) s C
A
C Sp(A)

In particular, a(h)(\) := f o h='()), which shows « is an isometric *-isomorphism. Hence y—-

—_—

ao(=):A— C(oa(h))

is an isometric *-isomorphism.

Let’s show that this map is how we describe in the statment of the theorem. Let p be a
complex polynomial. Then

—

(oo p(R))(A) =(a o p(h))(\)
=(poa(h))(\)
=p(A),

where we have used the linearity of a. ]
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Theorem 2.12. Let 2 be a compact Hausdorff space. Then we have the following homeo-
morphism: Sp(C(22)) = Q.

Proof. The idea is the following. The map exhibiting the homeomorphism will be the func-
tion sending w €  the the evaluation map ¢, which sends a € C(2) to a(w). This map is
injective because C'(2) separates points of Q. To show it is surjective, we suppose for the
sake of contradiction that for £ € Sp(A) there does not exist w € €2 such that ¢ = ¢,. Then
for each w we can construct b, € C(£2) which does not vanish at w, hence does not vanish
in a neighborhood of w, but £(b,) = 0. By compactness we can cover {2 with finitely many
such neighborhoods, and define a continuous function z to be the sum of the finitely many
corresponding b,,. We can make this function positive everywhere on 2. We then derive a
0 = 1 contradiction using the fact that ¢(z) = 0 but {(zz~!) = £(14) = 1.

For each w € 2, define the evaluation maps

¢, :C(Q) —C
a— a(w)
One checks ¢, is a character, so ¢, € Sp(C(Q2)). Note if ¢,, = @, then a(w;) = a(w,) for

all a € C(€2). By , C(Q) separates points of €2, so a(wy) = a(w-) for all a € C(2) implies
w; = wy. Thus w +— ¢, is injective.

To show it is surjective, let ¢ € Sp(C(sp(A))) and suppose for the sake of contradiction
that does not exist w € €2 such that ¢ = ¢,. Then ¢ — ¢, # 0 for all w € Q. So far each
w € Q, there exists a,, € C(Q) such that {(a,) — ¢(a,) # 0, i.e. l(a,) # au(w). Write
b, i— a, — £(ay)14. Then b, # 0 (since b,(w) # 0) but 4(b,,) = 0.

Since b, € C(£), there exists a neighborhood N, of w such that b, does not vanish on N,,.
Varying w over {2 we get an open cover {N, : w € Q} of 2. Since Q) is compact, we get a
finite subcover {N,, }. Write

&= b P+ |bwk|2'

Then x € C(2) and z(w) > 0 for all w € Q. Also
Ux) =0(g,) + -+ (0], by )
=L, )0 (be) + - -+ LB, ) (b )

since {(b,,) = 0 for all j =1,..., k. So x € ker(¢). But > 0 implies 2" exists in C(Q) ,
and we reach a contradiction:

0=Llx)(x) =L(zz™") = £(1,) = 1.

This shows surjectivity.

To show this is a homeomorphism, since 2 is compact by assumption and Sp(A) is compact
by Proposition 1.35, it sufficies to show ¢(_y is continuous . Suppose a net (w,) C §2 converges
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to w. Then for each = € C(Q),
Puo (1) = 2(wa) = 2(w) = ¢u(2)
by the continuity of z. This ¢,, — ¢, and we’re done. O]

Theorem 2.13 (unitization). Let A be a C*-algebra without unit. Then A is isometrically
x-isomorphic to a C*-algebra of codimension 1 in a unital C*-algebra.

Proof. We define the unital C*-algebra as follows:

as a set A=A®C

involution a® A= a* DA

multiplication (a®dN)(bdp) = (ab+ \b+ pa) & A

norm la ® || = sup{|lax + \z|| : z € A, ||z] <1}
unit 01

We check this works. ]

Theorem 2.14. The norm on a C*-algebra is unique.

Proof. Suppose n; and ng are norms on A making A a C*-algebra. Without loss of generality
we may assume A is unital, by Theorem 2.13. Let h € A be self-adjoint. Then ref

n(h) = [[hlloe = sup{|Al : A € a(h)} = na(h),

since inverses are defined algebraically (i.e. independent of norm).
In general, for any x € A,

n1(z)? = ny(2*7) = ny(a*x) = ny(z)?
since z*x is self-adjoint. m

Corollary 2.15. Let A be a non-unital C*-algebra. Then unitization commutes with taking
the subalgebra generated by a:

— A(x)

—~—

—— A(z) = A(z)

Dy ¢

Theorem 2.16. Let A be a commutative C*-algebra without unit. Then there exists a
locally compact, non-compact, Hausdorff space X such that A is isometrically *-isomorphic
to Co(X), the C*-algebra of continuous C-valued functions on X vanishing at infinity.
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Proof. Let K = Sp(A). By Proposition 1.35, K is a compact Hausdorff space. By Theorem
2.7, A~ C(K), and so A is isometrically *-isomorphic to a C*-subalgebra of C'(K) via the
Gelfand transform on A.

Let kg € K be defined as follows:

0 acACA
Ko(a) = | a—1, )

So for any a € A, we have a(kg) = 0, so the image of A under (/—\) consists of functions in [check
C(K) which vanish at ko € K. is char

Conversely, suppose f € C(K) is such that f(kg) = 0. Let z € A be such that & = f. By
the construction of unitization, we can write * = a 4+ pul, for some a € A and p € C. Then

f(/ﬁ)o) =0= i’(/ﬁ?o) 0
= /{0(1') 0
= ko(a) + pro(la) =0
= u=0

Y

since ko(a) = 0 for all @ € A. Thus z € A, so the Gelfand transform maps A onto the
subalgebra of C'(K) consisting of those functions which vanish at k.

Let X = K \ {kko}. Then X is locally compact and the map g — ¢|x is an isometric {zref
x-isomorphism

A={geC(K): g(ko) = 0} — Cy(X)

It remains to show X is not compact. If it were, ro would be an isolated point of K and the | zef
element e € A C A corresponding to the continuous function

R 0 K=kKg
é(k) = .
1 otherwise
would be a unit for A, a contradiction. O

3 Gelfand-Naimark theorems

The following is stated as Theorem A.2. in [1]:
Theorem 3.1.
1. Let A be a unital Banach algebra over C. If a € A, then o(a) is nonempty.

2. Let A be a unital algebra over C of countable dimension. If a € A, then o(a) is
nonempty. Furthermore, a is nilpotent if and only if o(a) = {0}.
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Proof of 1. Suppose o(a) = (). Then the function

R:C— A
A (a— A1)t

is holomorphic, non-constant, and bounded. But this contradicts Liouville’s theorem for
Banach space valued functions. O

Proof of 2. Suppose o(a) = (. Then (T — A1)~! exists for all A € C.
Claim 3.2. There is an injective, linear homomorphism ¢ : C(X) — A sending X +— T.

Proof. Any element in C(X) may be expressed as Z’E—;g, where p(X), ¢(X) € C[X]. It is clear
that p(X) — p(T') is injective and linear, and it remains to show we can compatibly map
ﬁ. By the fundamental theorem of algebra we can write ¢(X) = (X — A1) -+ (X — \,).

By assumption, (7" — A1)~! exists, so map ﬁ to (T —M1)7t (T — N, 1)1 O

By the uniqueness of partial fraction decomposition, the set

{os)
X —=A AeC

are linearly independent. Since ¢ is injective and linear, so are their images under ¢, i.e. the
{(T — X\1)~'} are linearly independent. But then this would provide an uncountable basis
for A, contradicting our assumption. n
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